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1. Introduction and Summary 

The sigma model on AdS^ x 5^ is complicated interacting theory whose solution is 
currently beyond the reach ^. On the other hand recently J. Maldacena and I. Swanson 



proposed a relatively simple kinematical truncation of this theory |12]. Technical simplifi- 
cations allow us to test some conjectures considering integrability of the string theory on 
AdS^ X 5^ ^. More precisely, the sigma model in this limit leads (after gauge fixing) to 
simpler toy model that is not, however, Lorentz-invariant theory in 1 + 1 dimensions. On 
the other hand it is well defined system on its own. In fact, this system was carefully anal- 
ysed in [^] where world-sheet S-matrix was also discussed. Moreover, it was demonstrated 
an classical integrability of the 0{N) sigma model in the near flat space limit in the sense 
that the Lax pair was constructed. This is very interesting result since now we have Lax 
pair for completely gauge fixed theory where the Virasoro constraints were solved. Since 
the form of the Lax pair is rather unusual it is interesting to study the property of this 
theory further. 

It is well known that the existence of Lax connection implies the existence of an infinite 
tower of conserved charges in the classical theory. However, as was stressed recently in 
this does not quite coincide with the standard definition of integrability. Integrability in 
the standard sense requires not only the existence of a tower of conserved charges but also 
requires that these charges are in "involution". In other words, these conserved charges 
Poisson brackets commute with each other. 

However there is a long-standing problem in determining the Poisson brackets of the 
conserved charged for classical string theory formulated on background that admits Lax 
connection. Namely, the problem is due to the presence of Non-Ultra Local terms in the 



^For alternative pure-spinor approach description of superstring theory on AdSs x 5*^, see 
^For some related works, see (l3[ 0, |l|, |l|, ^ |2o| . 
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Poisson brackets of the world-sheet fields that lead to ambiguities in brackets for the charges 
^. As was shown recently in |24] a resolution of this problem is based on earlier work of 



Maillet [p2| , where he proposed the regularisation the problematic brackets. Then this 
procedure was applied to the simplest classical subsector of the AdS^ x geometry in 
1 24 ] . It was shown that this prescription leads to a very natural symplectic structure on the 



space of finite-gap solutions of the string equations of motion that were constructed in 
Then it was shown in |28] that the string theory on AdS^ x possesses infinite number 



of conserved charges that are in involution even on the world-sheet with general metric. 
Explicitly, the Poisson bracket of spatial components of Lax connection was calculated and 
it was shown that its form does not depend on world-sheet metric and takes precisely the 



form as in [27|. However it is important to stress that this analysis was valid in case when 
either the diffeomorphism invariance of theory was preserved or the metric components 
were fixed in some general form while the symmetry generated by Virasoro constraints 
was preserved. On the other hand it is not clear whether integrability is preserved in 
case of completely fixed theory, as for example, string theory in uniform light-cone gauge 
|2|, pOl PI As the first step in the answering of this question we would like to calculate the 
Poisson bracket of the spatial components of Lax connection for simpler model introduced 
in ll^. It turns out that even if the resulting Poisson bracket is very complicated one 



can map it, following [22, ^] to the form that shows that the theory possesses an infinite 
number of local charges that are in involutions. We mean that this is a nice result that 
shows that the integrability persists in case of complete fixed theory as well. 

We can extend this work in various ways. For example, it would be nice to perform 
the same analysis for the supersymmetric form of the model given in [||]. Then we would 
like to calculate Poisson brackets of Lax connection for bosonic string in uniform light-cone 
gauge. 

The organisation of this paper is as follows. In next section (|^) we review the procedure 
presented in [12| for 0{N) sigma model that leads to simpler model with completely fixed 



symmetry. In section we review the construction of Lax connection for this system. 
Then in section (Q) we present the Hamiltonian formalism of this system and we calculate 
the Poisson brackets of spatial components of Lax connection. Using these results we argue 
for integrability of the theory. Finally, in Appendix (^) we review Maillet's treatment of 
the monodromy matrix and Lax connection. 

2. Reduced 0{N) Sigma Model 

In this section we review the analysis presented in that leads to interesting new 1-1-1 
dimensional field theory. We consider 0{N) sigma model. The target space of this sigma 
model is a sphere S^"^. Let us consider a state with a constant spin density J = J12, 
where J^i are rotation generators in the kl plane. Then we begin with the action 

S = / da^^da^^i-ri'^^d^tdat + ri'^f^dax'^dax'') , 

An J 



For recent discussion of these problems in the context of string theory on AdSs x S , see [|L5| 
*This gauge was also discussed in [B3, BSl. 
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x'^x"6mn = l, m = l,...,iV, 

(2.1) 

where da = , a = 0,1 and we work in conformal gauge with the world-sheet metric 
Vaf} = diag(— 1, 1). To have a contact with [|l2[ we introduce the parameter 



. = ^ . (2.2) 

For simphcity, we start with the case when = 3 and parametrize 5^ as 

= sm9 , = cos cos , x^ = cos ^ sine/) . (2-3) 
Then the action ( p.l| ) takes the form 

S = 2g j da+da- {-d^+td^-t + cos'^ ed^+(j)d^-<l) + d^+ed^-O) , (2.4) 

where we have introduced the light-cone coordinates ^ 

a^ = a°±aK (2.5) 



Further, since the action ( p.4p is defined with fixed form of the world-sheet metric the 
theory has to be accompanied with the corresponding Virasoro constrains 

r++ = g[-d^+td^+t + cos2 ed^+^d^+^ + = o , 

r__ = g[-d^-td^-t + cos^ ed^-<t>d^^^ + 8^-98^-9] = Q . 

(2.6) 

Our goal is to consider state with a constant spin density J12 = J. Let us start with 
solution: = and = and perform a boost on the world-sheet coordinates = 
lb and expand in small fluctuations around the constant spin-density solution 

<7 = 2^cr^ , a 



2^5 ' 

= a° + — = + — = 

Vg ^ ^/g 



(2.7) 



^In the light-cone frame the metric components are rj^ = r\ ^ = —2, with the inverse ri^ = »7_+ — — i 

and with the corresponding determinant ^y—rj — i. 
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where are the hght-cone coordinates after performing the boost. Note that we are 
interested in solutions where x = with S representing small fluctuations. Then the 

rescaling (2.7) implies 



da da 
d 



da da 
1 d 



94 



da+ 2^da+ 2^ 



d 



da- 



(2. 



Using (2.7) and ( |2.8| ) the action (2.4), up to constant and total derivative terms, is finite 



Finally, to generalize to the case of 0{N) sigma model we replace with 
y^Vi ,i = 1, ■ ■ ■ , N — 2 in the above action and we obtain 

S = 2j da^da'[d-xd+X + d+yd-y- fd-x] ■ 
Note also that under the rescaling (2.7), given in ( |2.6| ) takes the form 



lim 



1 

d+X-^)+0{-)^-U+0{-] 
2 J 92 g 



and hence the Virasoro constraint T^j^ = implies the constraint 

3+ = o+x - Y = • 



In the same way the rescaling (2/7) performed on T implies 

d-xd-X + d-yd-jj = 16 . 

In summary, we have two constraints in the theory 

^1 = d-xd-X + d-yd^y — 16 = , 
f 

$2 = - y = . 



(2.9) 



(2.10) 



(2.11) 



(2.12) 



(2.13) 



(2.14) 



Following 1 12] we can move to a gauge fixed Lagrangian by defining new coordinates 



a 



a 



+ 2x 



(2.15) 
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Then it is easy to see that 



(2.16) 



where we have used ( 2.14 ). Note also that <I>2 imphes 

d-X 



l + 4(5,-y)2' 1 + d.x 4 



(2.17) 



Let us now consider the equations of motion for that foUow from the action ( 2.10| ) 

d+d.y' + fd-x = . (2.18) 
Then using (|1|) and (l2l^ ) we can map (|2.1§| ) into 



d,-d,+y' + d,-ifd,-y') + y\- - {d^-yf) = 



(2.19) 



Then it is easy to see that these equations of motion follow from the variation of the action 

S = 2 j dx+dx-[d,+yd,^y- + f{d,-yd^-y)] . (2.20) 

The action ( |2.20D will be starting point for the Hamiltonian treatment of the reduced 
model. Before we proceed to this question we introduce the Lax connection for the theory 
given above. 



3. Lcix connection 



In this section we introduce Lax connection that was given in [12|. As was argued there 
Lax connection can be obtained by taking a simple limit of the connection of 0{N) theory. 
In order to write it explicitly, we select one of the 0{N) generators J12 and consider the 
off-diagonal generators that mix (1,2) plane with the rest. We denote these generators as 



J 



±i 



1,. 



,N — 2. We also need following commutation relations: 



-6ijJ 



12 



jij 



(3.1) 



Flat connection introduced in |12| is derived by taking the limit of the connection for 0{N) 
theory p^] and it takes the form 



A, 



I 

72 
1 



A- = - 

w 



v2 



(3.2) 
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where w is spectral parameter. Then using the constraint j+ = and the equations of 
motion for ( |2.18| ) together with ( |3.1| ) we obtain 



d+A- - d-A+ + [A+,A-] = . 



(3.3) 



In other words A given ( |3.2[ ) defines flat Lax connection. As the next step we use ( |2.15| ) 
and write 



1 



dx — y dx = da 2(- + 



(3.4) 



Then we obtain 



A = A+da'^ + A-^da = A+dx'^ + A{dx - y dx 



(3.5) 



where we have defined 
A = A^ ^ 



1 

w 



2(l + a_x) 



(3.6) 



where in the final step we used ( |2.16| ) and ( p.l7|) . Finally, we can perform gauge transfor- 
mation to remove the constant part of the connection 



A! = g ^Ag + g 'dg , g = e 



-1, 



(3.7) 



and we obtain 



A'^ 
A' 



I 

1 

w 



-IX^W—-^X „,l 



v2 



H — 



IX^W+^^X d^_y^J- 



(3.8) 



In what follows we use the Lax connection ( |3.8D where we will write A instead of A'. Let 
us now rewrite the Lax connection as 



A = {A+ - ■jfA-)dx'^ + A-dx~ = 

= {A+ - if A- + A-)dT + {A+ - if A- - A-)da 

where we have introduced a, r defined as 

x^ = T ziz a . 



(3.9) 
(3.10) 
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We see that the spatial component of Lax connection Aa takes the form 



Aa = iA+ - ]fA- - A- 
i 



^/2 



^-lX^W-j;^X y^J+l' _|_ ^tX^W+l^X „.« J-t 



4,w y J 



(1+r)- 

w 



-tx~^w—i-f—x 



_^J_^iX+W+i^X Q yij- 

V2 



(3.11) 



The spatial component of Lax connection given above will be the central object for the 
study of the integrability of the theory. Explicitly, we will calculate the Poisson bracket 
between these components for different spectral parameters w,v. Before we proceed to this 
calculation we have to develop corresponding Hamiltonian formalism. 

4. Hamiltonian formalism 



Our goal is to develop the Hamiltonian formalism for the action 
If we again introduce coordinates r, a as 



„± 



r ± £7 



and consequently 



we obtain 



dx+ = ^{dr + d„) , d^- = ^{dr - d„) 



S = j dTda[{dryf - {d„yf -f + fid^y- d^yf' 

Then the momentum vTj conjugate to takes the form 

5L 



vr,; 



5dry^ 



2[dry' + y\dry'-d„y')] 



and we have following canonical Poisson brackets 

{y\a),7:^{a')] = 5]5{a-a') 
Using ( |4.5| ) we can express as function of tTj and d^y^ 



1 + ^ 



(4.1) 

(4.2) 

(4.3) 
(4.4) 

(4.5) 

(4.6) 

(4.7) 
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Then corresponding Hamiltonian density takes the form 



4(1 l + y^ l + y^ 



(4.8) 



Finally, we use the relation ( [4.7] ) to express ( 3.11 ) as a function of canonical variables 



I 

1 



-IX^W-—X y^J+l _|_ W + l^^X y^J-t 



W 



(-vr-5.y)V' 



4(1 + y^) '2 



2V2 



-5^y*)J- 



Now we are ready to calculate the Poisson brackets 

[Aa^aP (o-, 1^) , -4^,75 v) } 



(4.9) 



(4.10) 



where a, (3 and 7, (5 label matrix indices of generators J's. Since in the following we will 
consider the spatial components of Lax connection only we omit the subscript a. Explicitly 
we define A^^ap = Aap- 

Now using the canonical Poisson brackets determined above we calculate the Poisson 
bracket of spatial component of Lax connection. Using 



,1 



,1 



,1 



-{^TTi - d^,y'){a')[d^6{a - a') - d^,6{a - a')] , 



,1 



,1 



(o^ - dayr{<^), (tt^ - da'yfia') = 2(-vr, - d^y'){a)[d^,6{a - a') 



d^6{a-a')]{-7:,-d^,y'){a') 



we obtain, after straightforward calculations, following result 

+ Ba-y,i36{cr, a', w, v)d^>5{a - a') + Ca7,/35(cr, o' ,w, v)da5{a - a') 



where 

AQ,^,/35((T,u','y) 



(4.11) 



(4.12) 
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(4.13) 



i 1 A 



(4.14) 



and 



Ba7,/35(o-,0-',W^,^^) = 



75 75 J 

^ (J^i - - e^^^^+^^" J^|J7/](a') - 



16vu; (1 + y2)'2 

^ r^-ia:+w-:^a:~ T+i t12 Ax+w+-^x- j-i 7l2i (l^'l^^o^VO / /n , 



1 (^7r^-gaj/^) ,_, (^7r^-ga'y% ,_,, 12 .12 
+ 8W l + y^ l + y^ (<^)JaP,S ■ 

(4.15) 

Then it is easy to see that matrices A, B, C obey the relations 

(4.16) 
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and 

'Ba'y,l3s{cr,(T',W,v) = -C^a,l3s{cr' , CT, V , w) 



(4.17) 



that are in agreement with general definition given in ( ^.11| ). 

Now we are ready to exhibit the general structure of the Poisson brackets, following 



22f| . Let us introduce the matrices ra'y^f3s{o',w,v), Sa-y^i3s{(J,w,v) whose explicit form in 
terms of matrices Bq,^^^^, C^^^f^g is given in (|5.12D . Then, using also the formula 

f{x, y)dx5{x -y) = f{x, x)dx5{x - y) + dyf{x, y)y=xS{x - y) (4.18) 

we can rewrite the Poisson bracket (|4.12| ) into the form 

{Aap{(y,w),A^5{(y' = Aa^^ps{a,w,v)5{(T - a') - 

- (9„Ba^^_a5((T, u, w, v)u=aSi(7 - a') - duCa^^ps{u, fj, w, v)u=aS{o- - a') - 

- 'Bcfy,i35{(T,cr,w,v)daS{a - a') - Ca-y,i35icr' ,cr' ,w,v))da'S{a - a') = 

= {dara'r,i3si(^,w,v) - daSa^^/3s{cr,w,v))6{a - a') - 2sa^^/3s{(7,w,v)da6{a - a') + 

- Aaa{cr,w){r^^^ps{cr,w,v) - s^^^ps{cr,'w,v))]5{a - a') + 

- A.yaiv,a){raa,i3si(T,w,v) + Saa,/3s{cr,w,v))]5{a - a) . 

(4.19) 

The fact that the Poisson bracket of Lax connection takes the form given above has an im- 
portant consequence for the integrability of the theory. As was shown in |2^ and reviewed 
in Appendix integrable theories with the Poisson brackets of the Lax connection given 
in ( [4.19| ) or in its alternative form given in ( ^.15| ) possesses infinite number of conserved 
charges that are in involution with respect to given Poisson bracket structure. In other 
words we have shown that the reduced sigma model is classically integrable. 

5. Appendix: Review of Basic Properties of Monodromy Matrix 



In this section we give a review of properties of monodromy matrix, following |23]. As 
opposite to this paper we will write all expressions with explicit matrix notation. 

The monodromy matrix 7^^((Ti, a2,w), where w is a spectral parameter, can be defined 



as 



(5.1) 

with the normalisation condition 

'Ta(}{(yi,CF2,w) = 5al3 (5.2) 
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and 

'^a^3 {(^1,(^2, W) =Tai3{(T2,ai,w) . (5.3) 

Note that in our notation Aaf^if^^w) is a spatial component of Lax connection. 

Our goal is to calculate the Poisson bracket between T{w) and T{v). Following |^ 
we consider the Poisson bracket between any dynamical quantity X.ys and Tap{ai,a2-,w) 
where X^^ does not depend ai and a2 

{'Ta(3{<yi,cr2,w),X.is} = Wa^^p5{ai,a2,w) , (5.4) 

where 

da^X^s = , da^X^s = . (5.5) 



If we derive (^^) with respect ai and (T2 and use ( |5.1| ) we obtain two differential equations 
for W{ai,a2) 

daiWa^^f^5{ai,a2,w) = Aa,a{cTi,w)W^^^i3s{(Ji,a2,w) + {Aaa{(yi-,w),X^s}T„f^{ai,a2,w) 

(5.6) 

and 

da^Wa^^lss{ai,a2,w) = -Taa{(Ti,a2,w) {Aai3{<y2,w), X^^} - Wa^^„s{ai, a2, w)Aafj{a2,w) . 

(5.7) 



The equations ( ^.6D and (5.7) have solution in the form 



^a7,/35(0-l,C^2,'w) = / da'Tacji{cn,CF\w) [Aa^aiW ,w),X^s]'Ta2fiW ^(^^^W) ■ 

J (72 



(5.8) 



Let us now presume that X^s = '?7(5(<7i; cr2, v) where all ai, (T2, cr^ and a'2 are distinct. Then 
(|5.4|) together with (^^) implies 



/•(Ti ra^ 

{'4/3('7i,o-2,'u;),T^5(<Ti,CT2,-u)} = / da I da'Taaj{cri,cr,w)Typ^{a[,a' ,v) x 

X [A 

(5.9) 

Let us now presume that the Poisson bracket of spatial components of Lax connection 
A{a,w) and A{cr',v), where w and v are spectral parameters, takes the form 

{Aap{a,w),A-ys{a',v)] = Aa.y, 13s i(^,w,v) 6 {a - a) + 
+'Ba'Y,i35i(^,(^' ,w,v)d^>5{a - a') + Ca^^fss{<y,<y' ,w-,v)d„5{a - a') . 

(5.10) 
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Then an antisymmetry of Poisson bracket implies 



Let us introduce matrices r^'y^fssi'^^Wjv), Say,i35{<y,w,v) defined as 



(5.11) 



ra'y,l35{cr,W,v) = -[Ba'y,i3s{cr,(T,W,v) 



B^a,Si3{cr, V, w)] + fa.y,i3sicr, W, v) 



where r is solution of the inhomogeneous first order differential equation 



where 



(5.12) 



(5.13) 



^a'y,l35{cr, W, v) = Ao^,/35((T, W, v) - (9„(Bo^,/35(fT, U, W, v) + Ca-y,f35{u, fJ, W, v))u=o- + 
+ [A^fa{cr,v)Baa,l35{(^,Cr,W,v) - Bay,fSa{(^, W , v)A^S {(^, v)] + 

+ [Aaa{cr,w)C^^^i3s{cr,a,'w,v) - Ca-y,as{cr,a,'w,v)Aa/3i(7,w)] . 

(5.14) 

Then we can rewrite the Poisson bracket ( [4.12| ) in the form 

{Aaf:i{w,a),Ays{v,cr')} = [ra'y,p5iw,v,a)Api3{a,w) - Aap{(T,w)rpf3^^s{w,v,a) + 

+ Sa^,p5{w,v,a)Api3{a,w) - ^„p((T, u')sp/3,^5(u', -t;, a)- 

-Sa'y,f3a{w,V,a)Aasi(^,v) " Aya{cr, v) SacT,f3s{w , V , a)] 5{a - a') - 

-{r{a, w, v) + s{a, w, v) - r{a', w, v) + s{a' , w, v))a-y,f3sdcrS{a - a') . 

(5.15) 



Let us now return to the equation ( 5.13 ). The general solution of this equation takes the 
form 
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= / da'Taai {a, a', w)T^„^ {a, a', v)n^^a2,piP2 w, v)Tp^fj{a' , a, w)Tp^s{a', a, v) + 

J a 

+ Taai{(y,a,w)Tp^^{a,a,v)N„^„^^p^p^{a,w,v)Tp^ji{a,a,w)Tp^^{a,a,v) , 

(5.16) 

where a is arbitrary real number and Naf^^.ys{w,v,a) is an arbitrary fj-independent matrix 
that satisfy the relation 

Nja,5f3{a,w,v) = -Na-y,p5{a,v,w) . (5.17) 

Note that the part of f is solution of the homogeneous equation associated with ( |5.13| ) 
and has to be determined by choice of boundary conditions for f[a,w,v). We would like 
also to mention that r can be non-local expressions in terms of canonical variables of theory. 
Then, when it is possible, we can choose such that r be a local matrix in terms of field 
of the theory. 

Using of the form of the Poisson bracket ( 5.15| ) we can calculate the algebra of mon- 



odromy matrices when ui, cr2i ^"2 different. We obtain, if a\ and a'l are larger 

than (72 and (Ji = min((Ti, a[), o"2 = max((T2, £72) 

= raaA'^i,a'i,w)T^^.,{a[,a1,v) [r{a'i,w,v)+e{ai - a[)s{a'i,w,v)]^^^^^^^^^ x 
X '^pif3{(^ii(^2,w)Tp2s{(^i,cr'2,v) - 

X '^pif^{(^2,(^2,w)Tp2s{a2,a2,v) , 

(5.18) 

where e{x) = sign(x). It is important to note that in the non-ultralocal case the algebra 



(5.18), due to the presence of the s-term, the function 



^i7,/35(^i'^2,cri,cr2,iy,w) = {T^^piai, a2, w),T^si(^i, (^2, v)} (5.19) 

is well defined and continuous where ui , cj2 , , cig are all distinct, but it has discontinuities 
proportional to 2s across the hyperplanes corresponding to some of the cri, a"2, cr'i,a'2 being 
equal. Then if we want to define the Poisson bracket of transfer matrices for coinciding 
intervals (cti = cr[,a2 = Tg) or adjacent intervals {a[ = 02 or ai = a'^) requires the value of 
the discontinuous matrix- valued function A^^^ at its discontinuities. It was shown in |22| 



that requiring anti-symmetry of the Poisson bracket and the derivation rule to hold imposes 
the symmetric definition of A^^^ at its discontinuous points. For example, at ai = o"^ we 
must define 

^i7,/35('^i' ^2,0-1, £72, 'u;,w) = ^hrn^ ^( A^^^^^^ (£71,(72, cTi e, £72, u;,w) -h 

+ ^i7,/35('7l'0-2,0-l - e,C72,^«,«)) 

(5.20) 
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and likewise for all other possible coinciding endpoints. This definition of A^^^ at its 
discontinuities implies an definition of the Poisson bracket between transition matrices for 
coinciding and adjacent intervals that is consistent with the anti-symmetry of the Poisson 
bracket and the derivation rule. However as was shown in ^ this definition of the 
Poisson bracket |T f T} ^ does not satisfy the Jacobi identity so that in fact no strong 
definition of the bracket {T f T} with coinciding or adjecent intervals can be given without 
violating the Jacobi identity. However, as was further shown in |23] it is possible to give 



a weak definition of this bracket for coinciding or adjacent intervals as well ^. We are not 
going into details of the procedure, interesting reader can read the original paper |H or 



more recent |24]. For example, it was shown that the algebra of two T's for equal intervals 
takes the form 

- 'Taa{(ri,a2,w)Typ{ai,a2,v)r„p^f3s{cr2,w,v) , 

(5.21) 



where {, } stands for the weak brackets defined in ( 5.20 ). 

Let us now return to our model. Since the reduced sigma model is defined on the 
infinite line it is natural to introduce following object 

n{w) = T{oo,-oo,w) . (5.22) 

Further, it is also natural to define 

r{w,v) = lim r{w,v,a) = lim r{w,v,a) . (5.23) 

a — >oo (T — — oo 

For example, this condition clearly holds for world-sheet fields that vanish at asymptotic 
infinity. Then using ( ^.21 ) we finally obtain 

{Tvn{w),Tvn{v)} = {n^^{w),nf3p{v)} = 

(5.24) 

Since Trr2(t(;) is generator of local conserved charges the result given above implies that 
these conserved charges are in involution with respect to brackets ( |5.2C1| ). This result implies 
an classical integrability of given theory. 
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T has to be defined for each n separately. 
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